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Abstract
If neutrino is the Majorana particle it can possess only one electromagnetic
characteristic, the toroid dipole moment (anapole) in the static limit and
nothing else. We have calculated the diagonal toroid moment (form factor)
of the Majorana neutrino by the dispersion method in the one-loop approx-
imation of the Standard Model and found it to be different from zero in the
case of massive as well as massless neutrinos. All external particles are on
the mass shells and there are no problems with the physical interpretation of
the final result. Some manifestations of the toroid interactions of Majorana
neutrinos, induced by their toroid moments, are also remarked.
12.15.Lk, 13.10.+q, 13.15.+g, 13.40.Gp
Typeset using REVTEX
∗E-mail: dubovik@thsun1.jinr.dubna.su
†E-mail: valya@nu.jinr.dubna.su or valya@axnd02.cern.ch
I. INTRODUCTION
The electromagnetic properties of Dirac and Majorana neutrinos are the subject of great
interest at present [1]. The difference between massive Dirac and massive Majorana neutrinos
is clearly exhibited by their electromagnetic properties. As early as 1939, Pauli remarked
that the Majorana neutrinos have neither a magnetic dipole moment nor an electric dipole
moment in vacuum [2]. Nevertheless the electromagnetic properties of Dirac and Majorana
neutrinos can manifest themselves via the anapole moment also [3].
The anapole moment of 1
2
-spin Dirac particle was introduced by Zel’dovich [4] for a
T-invariant interaction which does not conserve P-parity and C-parity individually. Sub-
sequently, a more convenient characteristic was pointed out to describe of this kind of in-
teraction, the toroid dipole moment (TDM) [5]. As was shown, the TDM is a general case
of the anapole, it coincides with an anapole on the mass-shell of the particle under con-
sideration and has a simple classical analog. Similar to an electric dipole and a magnetic
dipole moments the TDM is the first term of third multipole family, the toroid moments.
This type of static multipole moments does not produce any external electromagnetic fields
in vacuum but generates a free-field (gauge-invariant) transverse-longitudinal potential [6]
which is responsible for topological effects such as the Aharonov – Bohm effect. As was
pointed out in [7] the Majorana particles of any value of the spin are characterized by toroid
moments and nothing else.
A calculation of the vacuum anapole moment (TDM) of Dirac particle was started in [8].
Then, a number of articles about the problems of renormalizability, gauge non-invariance
and, consequently, observability of the neutrino anapole moment and neutrino charge ra-
dius (NCR) was published. (See [8–11] and references therein.) However, as was pointed
out in [12], these quantities are finite and well-defined in the Standard Model (SM) as be-
ing the axial-vector (TDM) and the vector (NCR) contact interactions with an external
electromagnetic field, respectively.
In this paper we calculate the vacuum diagonal TDM (form factor) of the Majorana
neutrino in the framework of the SM. In Sec. 2, we start by clarifying the reason why
the Majorana neutrinos can possess only one electromagnetic characteristic, the TDM. We
also discuss the distinctions and similarities of the anapole and TDM of 1
2
-spin particle
and correctly define the TDM of the Majorana neutrino. Using some examples in Sec. 3,
we illustrate the toroid interactions of the Majorana neutrinos. Further in Sec. 4, using
the dispersion method, we calculate the TDM of the Majorana neutrino in the one-loop
approximation of the SM. All external particles are on the mass shells and there are no
problems with the physical interpretation of the final result.We summarized our results in
Sec. 5.
II. THE TOROID DIPOLE MOMENT OF THE MAJORANA NEUTRINO
In the case of Majorana neutrinos, the amplitude of the interaction with an external elec-
tromagnetic field Aµ,M∝ eJEMµ (q)Aµ(q) is defined by the particle and antiparticle contri-
butions
JEMµ (q) =
[
uf (p
′)Γµ(q)ui(p) + vi(p)Γµ(q)vf(p
′)
]
≡ uf(p′)
[
Γµ(q)−
(
C−1Γµ(q)C
)T ]
ui(p), (1)
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where e is the charge of an electron, qµ = p
′
µ − pµ is the transferred 4-momentum, u(p) and
v(p) are bispinors and C is the charge conjugation matrix (we will use the chiral represen-
tation of the gamma matrices with C = iγ0γ2 and the normalization u(p)u(p) = 1); here
Γµ(q) is the electromagnetic vertex, which is characterized by a set of electromagnetic form
factors [3,5]. One popular way of defining the Lorentz structure of Γµ(q) is as follows:
Γµ(q) = F (q
2)γµ +M(q
2)σµνq
ν + E(q2)σµνq
νγ5
+ A(q2)[q2γµ − q̂qµ]γ5, (2)
where F , M , E and A are called the normal magnetic, anomalous magnetic, electric, and
anapole dipole form factors, respectively. These form factors are physically observable quan-
tities as q2 → 0 and their combinations define the well-known magnetic (µ), electric (d) and
anapole (a) dipole moments. In the non-relativistic limit, the energy of interaction with an
external electromagnetic field has the following form:
Hint ∝ −µ (σ ·B)− d (σ · E)− a (σ · curlB) ,
where B and E are the strengths of the magnetic and electric fields. In the case of Majorana
neutrinos, imposing the restriction of the CPT-invariance and using the C-, P-, T-properties
of Γµ(q) and Hint, which we have combined in Table I, we see that the magnetic and electric
dipole moments are absent in the static limit when the masses of the initial mi and final mf
neutrino eigenstates are equal to each other. This means that Majorana neutrinos possess
only one electromagnetic characteristic, the anapole moment [3,4]. But as was pointed out
in Ref. [5], the anapole moment does not have a simple classical analog – A(q2) does not
correspond to certain multipole distribution and, therefore, a more convenient characteristic,
the TDM, was proposed to describe the T-invariant interaction with non-conservation of P
and C symmetries. For clarity, we rewrite the axial part of the electromagnetic vertex (2)
in the multipole parametrization [13]
Γµ(q) ∝
{
iεµνλσP
νqλγσγ5T (q
2) + σµνq
νD(∆m2)
− q
2Pµ − (q · P )qµ
q2 −∆m2
[
D(q2)−D(∆m2)
]}
γ5, (3)
where εµνλσ is the Levi-Civitta unit antisymmetric tensor, Pν = p
′
ν+pν , ∆m = mi−mf and
D(∆m2), D(q2) and T (q2) are the charge dipole moment, charge dipole, and toroid dipole
form factors, respectively. In this parametrization, there is a one-to-one correspondence in
the definition of multipole moments by their form factors: the electric dipole moment by
D(∆m2), the TDM by T (∆m2), etc. That is not a case in (2), where, for instance, the
electric dipole moment
d ∝ ie
[
E(∆m2)−∆mA(∆m2)
]
is defined in terms of the electric and anapole dipole form factors. Using the following
identities:
uf(p
′)
{
q2σµνq
ν +∆m
(
q2γµ − q̂qµ
)
+
[
q2Pµ − (q · P ) qµ
]}
γ5ui(p) = 0,
uf (p
′)
{
∆mσµνq
ν +
(
q2γµ − q̂qµ
)
− iεµνλσP νqλγσγ5
}
γ5ui(p) = 0, (4)
3
we obtain the connection between the anapole and TDM
A(q2) = T (q2) +
m2i −m2f
q2 −∆m2
[
D(q2)−D(∆m2)
]
. (5)
As can be seen, they coincide only on the mass-shell of the particle under consideration. The
definition of the anapole by two independent form factors leads to confusion in the classical
limit and gives no way for an analytical continuation of this form factor on the mass-shell
[5]. Hence, the TDM is a more convenient electromagnetic characteristic of the particle than
the anapole.
Using the standard definitions of dipole moments [14], we define the TDM of the Majo-
rana neutrino as a pseudovector T that is directed along the spin of the particle, the only
vector characteristic in its own rest frame,
Tµ = eT (0)u(0)γµγ5u(0), T = eT (0)ϕ
†
σϕ,
where ϕ is the Pauli spinor. In the coordinate representation, T is the total moment of the
following density distribution:
g(r) =
1
10
[r(Jr) − 2r2J],
where J is the current density that produces the magnetic field. The interaction of TDM
with an external electromagnetic field has the following form [15]:
Hint = eT (q2)N(x)
[
q2γµAµ(x)− γµqµqνAν(x)
]
γ5N(x)
= eT (q2)N(x)γµγ5N(x)
[
∂2Aµ(x)
∂xν∂xν
− ∂
2Aν(x)
∂xν∂xµ
]
= eT (q2)N(x)γµγ5N(x)
∂F µν(x)
∂xν
, (6)
where N(x) is the Majorana neutrino field, which has a usual plane wave expansion, and
satisfies the following condition
N c(x) = CN(x)C−1 = CN
T
(x) = N(x).
F µν(x) is the tensor of the electromagnetic field, which, in turn, produces an external current
∂νF
µν(x) = −JµEM(x).
It is easy to see that in the nonrelativistic limit, when the particle is in its own rest system
of reference,
q2 → 0, Nγ0γ5N → 0, Nγγ5N → ϕ†σϕ,
the corresponding interaction energy is
Hint = −T · J = −eT (0)ϕ†σϕ
(
curlB− E˙
)
. (7)
It has the moment of force
M = T [σ × J],
and represents a T-invariant toroid (anapole) interaction of the particle which does not
conserve P-parity and C-parity individually, and defines the axial-vector contact interaction
with an external electromagnetic field [4,12].
4
III. REMARKS ON SOME PROPERTIES OF THE TOROID
INTERACTIONS OF MAJORANA NEUTRINOS
The TDM has many different applications, both in classical electrodynamics and in quantum
theories [5,6,11]. The simplest model of TDM (anapole) was given by Zel’dovich [4] as a
conventional solenoid folded into a torus and having only a poloidal current. For such a
stationary solenoid, having neither an azimuthal (toroidal) component of the current nor
electric fields around the torus, there is only a nonzero azimuthal magnetic field inside the
torus. Therefore, fields outside the permanent toroid dipole are zero in vacuum, as well.
However, as was pointed out by Ginzburg and Tsytovich [16], when the toroid dipole moves
in a medium, the latter might be regarded as permitting the dipole itself and the fields
outside the dipole appear to produce, for instance, Vavilov-Cherenkov radiation. Also, the
toroid dipole is responsible for the transition radiation when it goes through the interface
between two media whose indices of refraction are n1 and n2 (n1 ≫ n2). However, we should
stress here that the result of [16] was derived in the framework of classical electrodynamics
and it might change in quantum theory with the consideration of the Vavilov-Cherenkov and
transition radiations of neutrinos induced by their toroid moments moving in the medium.
The toroid interactions of Dirac or Majorana neutrinos manifest themselves in collisions
of the neutrinos with charged particles where the TDM conserves the helicity of the neutrino
and gives an extra contribution, as a part of the radiative corrections, to the total cross
section of the scattering of neutrinos by electrons, quarks and nuclei. In this regard, the
toroid moment is similar to NCR. Both conserve the helicity in coherent neutrino scattering,
but have different natures. They define the axial-vector (TDM) and the vector (NCR)
contact interactions with an external electromagnetic field. Such interactions are the subject
of interest in low-energy scattering processes and give one way to probe the NCR and TDM.
For further implications and references in the question of the observability of NCR, see Refs.
[10,17].
The toroid interactions of neutrinos may have a very interesting consequences in different
media. As was pointed out in [14], the electromagnetic properties of Dirac and Majorana
neutrinos in the medium are similar to the vacuum case. For instance, the Majorana neu-
trinos do not have the induced electric and magnetic dipole moments but have an induced
anapole (toroid) dipole moment. However, it has a nonzero value in an anisotropic medium
such as ferromagnetic material and absent in an isotropic medium. Nevertheless the vac-
uum TDM may play a very important role itself, in particular, for neutrino oscillations. For
instance, let us consider the evolution equation for three neutrino flavors ~ν = (νe, νµ, ντ )
T in
the presence of toroid interactions
i
d~ν
dτ
= K
[
1
2E
diag
(
m21, m
2
2, m
2
3
)
+ T (τ)
]
K†~ν,
where K is the mixing matrix connecting the flavor basis, νℓ (ℓ = e, µ, τ), and the mass
basis, Ni (i = 1, ..., k), of Majorana neutrinos as νℓ =
∑
iKℓiNi, and has the 3(k+1) mixing
angles and 3(k + 1) CP-violating phases (for details see [19].) The matrix T is, in general,
a 3× 3 matrix whose elements
Tif(τ) ∝ Tif σ · curlB(τ), (8)
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are functions of time τ different from zero in the presence of the inhomogeneous vortex
magnetic field which, in a concrete experimental situation, may be realized according to
Maxwell’s equations as a displacement current or the current of the particle colliding with
the considered neutrino at the space point where the interaction (8) is determined.
In this sense, this problem is an analog of the well-known Wolfenstein equation for the
propagation of neutrinos through a medium [20], but resonance conversion of neutrinos can
occur even in vacuum, due to the toroid interactions of neutrinos (if Tii 6= Tjj) [21]. The
off-diagonal matrix elements Tif , induced by the transition toroid moments, are nontriv-
ial factors in the Wolfenstein equation and had no previous analogs in the SM (beyond the
scope of SM this role was played by the so-called flavor changing neutral currents). Since the
Hamiltonian of evolution of the three neutrino flavors contains at least one time-dependent
varying external parameter σ · curlB(τ), we should take into account the topological phases
in the evolution operator [22], which may be very important for neutrino oscillations [23].
If, an addition, a neutrino beam intersects some fluctuations of density and element compo-
sitions in the background of matter, a new phenomenon, geometric resonance, in neutrino
oscillations occurs [24]. The role of the two time-dependent parameters of the Hamiltonian
(varying independently from one another), which are need for the geometric resonance, can
be played by the external electromagnetic field (in the medium, it can be the electron current
and/or intrinsic sources) and the medium itself (nνℓ 6= 1). For example, if the curlB(τ) and
particle number density ρ(τ) vary cyclically when a neutrino beam propagates through the
medium, i.e., curlB(τ) = curlB(0) and ρ(τ) = ρ(0) for some time τ , they form a closed con-
tour on the plane (σ · curlB, ρ), and for some neutrino momentum the geometric resonance
takes place (for details, see [24].)
The transitions in a system of Majorana neutrinos with anapole and transition magnetic
moments propagating in matter with a twisting non-potential magnetic field have recently
been investigated within the asymmetric left-right model by Boyarkin and Rein [25]. It has
been shown that the resonance conversion of neutrinos appears not only in response to the
influence of matter, but also due to the availability of electromagnetic moments.
These effects can manifest themselves in numerous astrophysical and cosmological situa-
tions. Among them are neutrino propagation through the solar interior and young supernova
envelopes, neutrino radiation of accreting neutron stars and black holes, where inhomoge-
neous vortex magnetic fields can have large values, etc., and the toroid interactions of neutri-
nos should be taken into account in each of them. But, the conclusions about the magnitude
of these effects have been the subject of separate investigations, which is beyond the scope
of our present work.
Since there is great interest in neutrino properties at the moment, we present here the
calculation of the diagonal TDM, Ti(0), of the mass eigenstate, Ni, of the Majorana neutrino
in the framework of the SM.
IV. ONE-LOOP RESULT
The TDM of the Majorana neutrino can be defined in the one-loop approximation of the SM
of electroweak interactions from the Feynman graphs shown in Figs. 1, 2. As one can see
from (2) and (4), the transition TDM is equal to the diagonal one plus the part proportional
to the neutrino mass difference. Therefore, to calculate the diagonal TDM and to estimate
the transition one of the Majorana neutrino, only the anapole parametrization is sufficient.
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To illustrate, we shall give some details of our calculations for the two graphs with ℓℓW
states, see Fig. 3. The amplitudes and contributions to the imaginary part of the toroid form
factor for the other diagrams are given in Appendix B. It is easy to verify that contributions
of the particle and antiparticle currents are equal to each other, and we will consider one
of them, and thus multiply the amplitude by a factor of 2. Using the Feynman rules and
notation summarized in Appendix A, we can write the amplitude in the following form:
M = 2
∫
d4k1
(2π)4
d4k2
(2π)4
(2π)4δ4
[
p1 − p2 − (k1 − k2)
]
× u(p1)
[
iΓ
(ℓN)
λ
]
i∆F (k1)(−ieγµ) i∆F (k2)
×
[
iΓ
(ℓN)
ν
]
u(p2)
[
i∆λνW (p1 − k1)
]
Aµ(k1 − k2). (9)
For convenience in our calculations, we pass to the t-channel where the momenta of particles
transform as
p1 → p−, p2 → −p+,
k1 → k− ≡ k1, k2 → −k+ ≡ −k2,
t = q2 = (k1 + k2)
2 = (p− + p+)
2,
and using the transformation
1
k2 −m2 → (−2πi)δ
(
k2 −m2
)
Θ(k0), (10)
which is valid when we take into account the unitary condition for the S-matrix [26,27], we
can write the imaginary part of the amplitude as
Im M = −e
∫
dτ
Aµ(q)
(p− − k1)2 −m2W
× u(p−)Γ(ℓN)λ
(
k̂1 +mℓ
)
γµ
×
(
k̂2 −mℓ
)
Γ
(ℓN)
ν g
λνv(p+). (11)
Here, we have denoted the two-body phase-space factor as
dτ =
1
(2π)2
d4k1d
4k2δ
4(p− + p+ − k1 − k2)
× δ
(
k21 −m2ℓ
)
Θ(k10)δ
(
k22 −m2ℓ
)
Θ(k20).
Now, keeping only the terms with γµγ5, and using the identity
Im M = eu(p−) Im
[
Ti(t)(tγµ − q̂qµ)γ5
]
v(p+)Aµ(q),
7
and the gauge qµAµ = 0, we perform the two-particle phase space integration, following
Refs. [8], and obtain the contribution to the imaginary part of the diagonal toroid form
factor for the ℓℓW diagrams:
Im tTi(t) =
∣∣∣A(ℓN)L ∣∣∣2 − ∣∣∣A(ℓN)R ∣∣∣2
16π
(
Lℓ − Iℓ − Jℓ
)
, (12)
where
Lk =
1
λ
ln
∣∣∣∣∣1 + bk1− bk
∣∣∣∣∣ , Jk =
√
ak
λ2
(
2− λbkLk
)
,
Ik = ak
[
bk
λ
+
1
2
(1− b2k)Lk
]
, λ =
√
1− 4m
2
i
t
,
ak =
(
1− 4m
2
k
t
)
, bk =
ak + 2(m
2
W +m
2
ℓ −m2i )/t
λ
√
ak
.
(13)
The real part of the toroid form factor can be derived by using the dispersion relation with
one subtraction [26],
tTi(t)− φ = t
π
∫ ∞
4m2
ℓ
Im t′Ti(t
′)
t′(t′ − t− i0)dt
′, (14)
where φ is some constant, which we put zero in agreement with (2). Since Ti(t)→ Const 6=
∞ as t → 0, we calculate the real part of the toroid form factor for t ≤ 0, where Ti(t) =
Re Ti(t). Introducing the new variable x =
t′
2m2
W
and putting mi = 0, for simplicity, we
obtain
Ti(t) =
∣∣∣A(ℓN)L ∣∣∣2 − ∣∣∣A(ℓN)R ∣∣∣2
32π2m2W
∫ ∞
2β
F (x, β)dx
x(x+ α)
, (15)
where α = − t
2m2
W
> 0 and the integrand reads
F =
(
β − 1
x
− 3
)√
1− 2β
x
+
[
2
(
1 +
1
2x
)2
− β
x2
(
1 + x− β
2
)]
× ln
1 + x− β +
√
x(x− 2β)
1 + x− β −
√
x(x− 2β)
 ,
with β =
m2
ℓ
m2
W
. Finally, using the definition of the matrices A
(x)
L,R and B
(x)
L,R, see eq. (21), and
performing elementary integrations for these two graphs and others (making appropriate
expansions in
m2
ℓ
m2
W
and denoting f = e, µ, τ, u, d, s, c, b, t), we obtain for |t| = 0:
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Ti(0) =
√
2GF
12π2
[
C iWWZ + C
i
WφZ + C
i
φφZ + C
i
ffZ
+
∑
ℓ=e,µ,τ
(
C iℓℓW + C
i
ℓℓφ + C
i
WWℓ + C
i
Wφℓ + C
i
φWℓ + C
i
φφℓ
)]
,
C iℓℓW = |Kℓi|2
[
11
6
− ln 4β + β
(
7
4
+
ln 2
2
− 9
8
ln 3
)
+O(β2)
]
,
C iℓℓφ = |Kℓi|2β
[
1
6
− 1
2
ln 4β +O(β)
]
,
C iWWℓ = |Kℓi|2
[
−5
6
+
7
6
β +O(β2)
]
,
C iWφℓ = C
i
φWℓ = |Kℓi|2
[
−1
8
β +O(β2)
]
,
C iφφℓ = |Kℓi|2
[
− 1
12
β +O(β2)
]
,
C iffZ = − Ωii
∑
f 6=t
(gfL + g
f
R)
[
8
3
− cf − 3
2
√
cf
(
1− cf
3
)
ln
∣∣∣∣∣1 +
√
cf
1−√cf
∣∣∣∣∣
]
− Ωii(gtL + gtR)
[
8
3
+ ct − 3√ct
(
1 +
ct
3
)
arctan
1√
ct
]
,
C iWWZ = − Ωii
[
77
6
+ 2cW −
√
cW
2
(27 + 4cW ) arctan
1√
cW
]
,
C iWφZ = −
3
4
Ωii sin
2 θW
[
2
3
+ cW −√cW (1 + cW ) arctan 1√
cW
]
,
C iφφZ = −
1
2
Ωii(1− 2 sin2 θW )
[
1
3
− cW
(
1−√cW arctan 1√
cW
)]
, (16)
where
ck =
∣∣∣∣∣1− 4m
2
k
m2Z
∣∣∣∣∣ , k = f,W,
gℓL = −
1
2
+ sin2 θW , g
ℓ
R = sin
2 θW ,
gUL =
1
2
− 2
3
sin2 θW , g
U
R = −
2
3
sin2 θW , U = u, c, t,
gDL = −
1
2
+
1
3
sin2 θW , g
D
R =
1
3
sin2 θW , D = d, s, b,
and Kℓi, Ωii are elements of the mixing matrices K and Ω (see Appendix A.) We have also
considered the ffφ, ffφ0, ccZ0, WWφ0, φφφ0 and ccφ0 graphs, since they appear in the ’t
Hooft-Feynman gauge, but their amplitudes do not contain terms with the γµγ5 structure
and, therefore, they do not contribute to the TDM of the Majorana neutrino.
Summing over all contributions, we get
Ti(0) ≈
√
2GF
12π2
 ∑
ℓ=e,µ,τ
|Kℓi|2
(
1 + ln
m2W
4m2ℓ
)
− Pi
 ,
9
where Pi = −
(
C iWWZ + C
i
WφZ + C
i
φφZ + C
i
ffZ
)
is the polarization-type contribution to the
TDM. As one can see from (16), the C iℓℓW , C
i
WWℓ and Pi contributions are the leading terms
that define the TDM. Since the quark mass values have various values in different hadronic
models, the C iffZ contribution contains large uncertainties. Taking into account the masses
of leptons, W,Z-bosons and limits on the “current-quark masses” [18], we obtain [28]
Ti(0) ≈ 1.277× 10−33
(
|Kei|2 + 0.547|Kµi|2
+ 0.307|Kτi|2 − 0.425× 10−2Pi
)
(cm2),
Pi ∈
[
8.585 to 10.870
]
Ωii. (17)
Our result shows some very interesting peculiarities of TDM. In particular, as one can see
from (16) and (17): (i) the value of the diagonal TDM depends on the masses of leptons,
quarks, W,Z bosons, and matrix elements of the mixing matrices K and Ω; (ii) the diagonal
TDM of the massive as well as massless neutrino has a finite value and depends only very
slightly on the mass of neutrino, O
(
m2
i
m2
W
)
; (iii) the strong dependence of the TDM from
the fermion masses shows it is a good tool to test the SM, as well as the new generation of
fermions and bosons.
V. SUMMARY
While a Dirac neutrino has three dipole moments, a Majorana neutrino possesses only
one electromagnetic characteristic, in the static limit, the toroid (anapole) dipole moment.
Nevertheless, the Majorana neutrinos can have nonzero transition magnetic, electric and
toroid dipole moments. We have calculated the diagonal toroid dipole moment of the mass
eigenstate of the Majorana neutrino in the one-loop approximation of the SM. It determines
by the matrix elements of the mixing matrices K and Ω, leptons, quarks and W,Z bosons
masses and has the absolute value of the order of 10−33 − 10−34 cm2. This value is very
sensitive to uncertainties of quark masses which define the up and down limits of TDM of
the mass eigenstate of the Majorana neutrino, see eq. (17). We also found that TDM has a
finite value in the case of massive as well as massless neutrinos. If there is no mixing in the
lepton sector, K = Ω = 1, we can define the singular electromagnetic characteristics, the
toroid moments, of the three weakly interacting massless neutrinos as:
Tνe(0) ≈
[
+6.873 to + 8.112
]
× 10−34 (cm2),
Tνµ(0) ≈
[
+1.090 to + 2.329
]
× 10−34 (cm2),
Tντ (0) ≈
[
− 1.971 to − 0.732
]
× 10−34 (cm2). (18)
Toroid interactions are a part of the radiative corrections to the scattering of neutrinos
on electrons, quarks and nuclei both in vacuum and in medium. Therefore it gives a way to
extract the experimental information about the magnitude of neutrino toroid moments in
the low-energy scattering processes. Since the toroid interactions manifest themselves in the
presence of an external electromagnetic field, they should be taken into account in various
astrophysical and cosmological situations. As an example, in this paper we are touched the
problem of neutrino oscillations. We are noticed that the toroid interactions can mediate the
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resonance conversion of neutrinos even in vacuum in the presence of time-dependent external
electromagnetic field. Also, they may have a very interesting consequences on neutrino
oscillations in the medium. In fact, when the neutrino flux travels in the medium with
a time-dependent non-potential vortex magnetic field at some conditions the geometrical
resonance in neutrino oscillations occurs. However the conclusions about the magnitude of
these effects requires a separate investigation.
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APPENDIX A
Here we give a short list of the Feynman rules used in our calculations. Weak interactions
of Majorana neutrinos N and charged leptons ℓ with gauge bosons W±, Z0, non-physical
scalars φ±, φ and Higgs particles φ0 may be described by five Lagrangians [29]:
LNW±int = NΓ(ℓN)µ ℓW+µ + ℓΓ(ℓN)µ NW−µ,
LNZ0int = NΓ(N)µ NZµ + ℓΓ(ℓ)µ ℓZµ,
LNφ±int = NΓ(ℓN)ℓφ+ + ℓΓ(ℓN)Nφ−,
LNφint = NΓ(Nφ)Nφ + ℓΓ(ℓφ)ℓφ,
LNφ0int = NΓ(N)Nφ0 + ℓΓ(ℓ)ℓφ0.
The relevant Feynman rules are:
• iΓ(ℓN)µ for outgoing W− or incoming W+,
• iΓ(ℓN)µ for outgoing W+ or incoming W−,
• iΓ(ℓN) for outgoing φ− or incoming φ+,
• iΓ(ℓN) for outgoing φ+ or incoming φ−,
• iΓ(N)µ + iΓ(NC)µ for Z0,
• iΓ(N) + iΓ(NC) for φ0,
• iΓ(Nφ) + iΓ(NφC) for φ.
Here
Γ(NC)µ ≡ C
[
Γ(N)µ
]T
C−1, Γ(NC) ≡ C
[
Γ(N)
]T
C−1,
and similarly, for Γ(NφC).
As was pointed out in Ref. [29], we should use the following rule for the Dirac-Majorana
transition in a Feynman graph in real calculations: for an incoming (outgoing) Dirac particle,
the outgoing (incoming) Majorana neutrino must be treated as a particle, and vice versa,
for antiparticles.
Introducing the notation PL,R =
1
2
(1∓γ5), we can write the general forms for all vertices
Γ(x)µ = γµ
[
PLA
(x)
L + PRA
(x)
R
]
, x = ℓ, N, ℓN ,
Γ
(ℓN)
µ ≡ γ0
[
Γ(ℓN)µ
]†
γ0 = γµ
[
PLA
(ℓN)∗
L + PRA
(ℓN)∗
R
]
,
(19)
and
Γ(x) = PLB
(x)
L + PRB
(x)
R , x = N,Nφ, ℓN,
Γ
(ℓN) ≡ γ0
[
Γ(ℓN)
]†
γ0 = PRB
(ℓN)∗
L + PLB
(ℓN)∗
R . (20)
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The other Feynman rules used in our calculations are well known and are taken from [30].
Equations (19–20) have a general form and must be specified for a given gauge group. Below,
we present these matrices in the SM.
We will use the following definitions of charged and neutral currents:
J−µ =
1
2
ℓγµ(1 − γ5)KN, J0µ =
1
4
Nγµ(1 − γ5)ΩN,
where K, in general, is a rectangular matrix, an analog of the Kobayashi-Maskawa matrix
in the quark sector, such that KK† = 1 and Ω = K†K 6= 1 [19]. In the SM with 3 neutrino
flavors from SU(2) doublets and k-singlets, the matrices K and Ω have 3 × (3 + k)- and
(3 + k)× (3 + k)-dimensions, respectively. In this manner, we define the required matrices
A
(x)
L,R and B
(x)
L,R as:
A
(ℓN)
L =
g√
2
K, A
(ℓN)
R = 0,
A
(f)
L =
ggfL
cos θW
, A
(f)
R =
ggfR
cos θW
,
A
(N)
L =
gΩ
2 cos θW
, A
(N)
R = 0,
B
(ℓN)
L = −
gmiK√
2mW
, B
(ℓN)
R =
gmℓK√
2mW
, (21)
with
GF =
√
2g2
8m2W
,
and use the propagators in the ’t Hooft-Feynman gauge
i∆F (k) =
i
k̂ −mℓ + iǫ
,
i∆µνW,Z(k) =
−igµν
k2 −M2W,Z + iǫ
,
i∆φ±(k) =
i
k2 −m2W + iǫ
,
i∆φ(k) =
i
k2 −m2Z + iǫ
,
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APPENDIX B
In this appendix, we present the full list of amplitudes, in the t-channel, and the con-
tributions to the imaginary parts of the diagonal toroid form factor for triangular- and
polarization-type diagrams:
ℓℓφ triangular diagrams
M = 2
∫
d̺ u(p−)
[
iΓ(ℓN)
]
i∆F (k1) (−ieγµ)
× i∆F (−k2)
[
iΓ
(ℓN)
]
v(p+) [i∆φ+(p− − k1)]Aµ(q),
Im tTi(t) =
1
32π
(∣∣∣B(ℓN)L ∣∣∣2 − ∣∣∣B(ℓN)R ∣∣∣2) (Iℓ − Jℓ − Lℓ),
where
d̺ =
d4k1
(2π)4
d4k2
(2π)4
(2π)4δ4(p− + p+ − k1 − k2).
WWℓ triangular diagrams
M = 2
∫
d̺ u(p−)
[
iΓ
(ℓN)
λ
]
i∆λαW (k1)
[
−ieVαµβ(q,−k1,−k2)
]
× i∆βνW (−k2)
[
iΓ
(ℓN)
ν
]
v(p+) [i∆F (p− − k1)]Aµ(q),
Im tTi(t) =
1
16π
(∣∣∣A(ℓN)L ∣∣∣2 − ∣∣∣A(ℓN)R ∣∣∣2)(IW − JW + 12aWLW − 32LW
)
.
Here Vαµβ(r1, r2, r3) is the usual vertex function:
Vαµβ(r1, r2, r3) = (r1 − r2)β gµα + (r2 − r3)µ gαβ + (r3 − r1)α gβµ, r1 + r2 + r3 = 0.
Wφℓ triangular diagrams
M = 2
∫
d̺ u(p−)
[
iΓ
(ℓN)
λ
]
i∆λαW (k1) (iemW gαµ)
× i∆φ+(−k2)
[
iΓ
(ℓN)
]
v(p+) [i∆F (p− − k1)]Aµ(q),
Im tTi(t) =
mW
16πt
[(
A
(ℓN)
R B
(ℓN)∗
L − A(ℓN)L B(ℓN)∗R
)
LWmℓ
+
(
A
(ℓN)
L B
(ℓN)∗
L − A(ℓN)R B(ℓN)∗R
)
(LW + JW )mi
]
,
φWℓ triangular diagrams
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M = 2
∫
d̺ u(p−)
[
iΓ(ℓN)
]
i∆φ+(k1)(iemW gµβ)
× i∆βνW (−k2)
[
iΓ
(ℓN)
ν
]
v(p+) [i∆F (p− − k1)]Aµ(q),
Im tTi(t) =
mW
16πt
[(
B
(ℓN)
L A
(ℓN)∗
R −B(ℓN)R A(ℓN)∗L
)
LWmℓ
+
(
B
(ℓN)
L A
(ℓN)∗
L −B(ℓN)R A(ℓN)∗R
)
(LW + JW )mi
]
,
φφℓ triangular diagrams
M = 2
∫
d̺ u(p−)
[
iΓ(ℓN)
]
i∆F (p− − k1)[−ie(k2 − k1)µ]
×
[
iΓ
(ℓN)
]
v(p+)i∆φ+(k1) i∆φ+(−k2)Aµ(q),
Im tTi(t) =
IW
32π
(∣∣∣B(ℓN)L ∣∣∣2 − ∣∣∣B(ℓN)R ∣∣∣2) .
ffZ polarization diagram
M = −
∫
d̺ u(p−)
[
i(Γ(N)ν + Γ
(NC)
ν )
]
i∆νρZ (q)
[
iΓ(f)ρ
]
× i∆F (−k2)
(
−ieQfγµ
)
i∆F (k1)v(p+)Aµ(q),
Im tTi(t) =
1
16π
[
A
(N)
R − A(N)L
] [
A
(f)
R + A
(f)
L
]√
af
(
1− af
3
)(
1− m
2
Z
t
)−1
.
WWZ polarization diagram
M =
∫
d̺ u(p−)
[
i(Γ(N)ν + Γ
(NC)
ν )
]
i∆νρZ (q)
[
−ig cos θWVραβ(−q, k2, k1)
]
i∆αα
′
W (k1)
× i∆ββ′W (k2)
[
−ieVµα′β′(q,−k1,−k2)
]
v(p+)Aµ(q),
Im tTi(t) =
g cos θW
96π
[
A
(N)
R − A(N)L
] (23t+ 16m2W )√aW
t−m2Z
.
WφZ polarization diagram
M =
∫
d̺ u(p−)
[
i(Γ(N)ν + Γ
(NC)
ν )
]
i∆νρZ (q)
×
(
−igmZ sin2 θW gρα
)
i∆αα
′
W (k1)i∆φ+(−k2) (iemW gα′µ) v(p+)Aµ(q),
Im tTi(t) =
g sin2 θW
16π
[
A
(N)
R − A(N)L
] mWmZ√aW
t−m2Z
.
φφZ polarization diagram
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M =
∫
d̺ u(p−)
[
i(Γ(N)ν + Γ
(NC)
ν )
]
i∆νρZ (q)
×
[
−ig1− 2 sin
2 θW
2 cos θW
(k1 − k2)ρ
]
i∆φ+(−k2)i∆φ−(k1)
[
ie(k1 − k2)µ
]
v(p+)Aµ(q),
Im tTi(t) =
g(1− 2 sin2 θW )
96π cos θW
[
A
(N)
R − A(N)L
] a3/2W
1−m2Z/t
.
16
REFERENCES
[1] For references see, e.g., S. M. Bilenky, S. T. Petcov, Rev. Mod. Phys., 59, 671 (1987);
P. B. Pal, Int. J. Mod. Phys. A, 7, 5387 (1992).
[2] W. Pauli, Rev. Mod. Phys., 13, 203 (1939).
[3] I. Yu. Kobzarev, L. B. Okun, In Problems of Theoretical Physics. Publishing House
“Nauka”. Moscow. 1972. pp. 219-224; B. Kayser, Phys. Rev. D, 26, 1662 (1982); Phys.
Rev. D, 30, 1023 (1984); J. F. Nieves, Phys. Rev. D, 26, 3152 (1982).
[4] Ya. B. Zel’dovich, Zh. Eksp. Teor. Fiz., 33, 1531 (1957) [Sov. Phys. JETP, 6, 1184
(1958)].
[5] V. M. Dubovik, A. A. Cheshkov, Phys. Part. Nucl., 5, 791 (1974).
[6] V. M. Dubovik, JINR Rapid Communication, 3 [36], 39 (1989); V. M. Dubovik, S. V.
Shabanov, Phys. Lett. A, 142, 203 (1989); J. Math. A: Math. Gen., 23, 3245 (1990);
In special issue “Essays on the formal aspects of electromagnetic theory.” Edited by A.
Lakhakia. World Scientific. Singapore. 1993. pp. 399-474.
[7] E. Radescu, Phys. Rev. D, 32, 1266 (1985).
[8] Z. Z. Aydin, S. A. Baran, A. O. Barut, Nucl. Phys. B, 55, 601 (1973); S. A. Baran, Nucl.
Phys. B, 62, 333 (1973); N. Dombey, A. D. Kennedy, Phys. Lett. B, 91, 428 (1980); M.
Abak, C. Aydin, Europhysics Letters, 4 (8), 881 (1987).
[9] H. Czyz, K. Kolodziej, M. Zralek, Can. J. Phys. 66, 132 (1988); M. J. Musolf, B. R.
Holstein, Phys. Rev. D, 43, 2956 (1991).
[10] J. L. Lucio, A. Rosado, A. Zapeda, Phys. Rev. D, 31, 1091 (1985); G. Degrassi, A.
Sirlin, Phys. Rev. D, 39, 287 (1989).
[11] V. M. Dubovik, L. A. Tosunyan, Sov. J. Part. Nucl., 14, 504 (1983); V. M. Dubovik,
V. V. Tugushev, Phys. Rep., 187, 146 (1990).
[12] A. Gongora-T., R. G. Stuart, Z. Phys. C, 55, 101 (1992).
[13] For a deeper insight into the structure of the following expression, one should refer to
[5], which contains the definition of the proper frame of the transition matrix elements.
[14] V. B. Semikoz, Ya. A. Smorodinsky, Pis’ma Zh. Eksp. Teor. Fiz. 48, 361 (1988) [JETP
Lett. 48, 399 (1988)]; Zh. Eksp. Teor. Fiz. 95, 35 (1989) [Sov. Phys. JETP, 68, 20
(1989)].
[15] S. Weinberg, G. Feinberg, Phys. Rev. Lett., 3, 111 (1959); A. M. Perelomov, Ya. B.
Zel’dovich, Zh. Eksp. Teor. Fiz. 39, 1115 (1960) [Sov. Phys. JETP, 12, 777 (1961)].
[16] V. L. Ginzburg, V. N. Tsytovich, Zh. Eksp. Teor. Fiz. 88, 84 (1985) [Sov. Phys. JETP,
61, 48 (1985)].
[17] R. C. Allen et al., Phys. Rev. D, 43, 1 (1991); G. Radel, R. Beyer, Mod. Phys. Lett.
A, 8, 1067 (1993). It is significant that the present experimental data on (anti)neutrino
electron scattering differ by one order of magnitude from theoretical predictions of the
value of the Dirac NCR, which is not the case of the magnetic moment of Dirac neutrinos,
where this difference is nine to ten orders [18].
[18] Particle Data Group (L. Montanet et al.), Phys. Rev. D, 50, 1173 (1994).
[19] J. Schechter, J. W. F. Valle, Phys. Rev. D, 21, 309 (1980); 22, 2227 (1980); J. W. F.
Valle, Prog. Part. Nucl. Phys., 26, 91 (1991).
[20] L. Wolfenstein, Phys. Rev. D, 17 2369 (1978); Phys. Rev. D, 20 2634 (1979); S. P.
Mikheyev and A. Yu. Smirnov, Yad. Fiz., 42, 1441 (1985) [Sov. J. Nucl. Phys. 42, 913
(1985)]; Nuovo Cimento C, 9, 17 (1986).
17
[21] For resonance conversion of neutrinos in the medium, the MSW effect, the role of the
matrix elements Tii plays the combinations (nνβ−nνγ )pν , where nνℓ is the neutrino index
of refraction and pν is the neutrino momentum.
[22] M. V. Berry, Proc. R. Soc. London A, 392, 45 (1984).
[23] V. A. Naumov, Pis’ma Zh. Eksp. Teor. Fiz., 54, 189 (1991) [JETP Lett., 54, 185 (1991)];
Zh. Eksp. Teor. Fiz., 101, 3 (1992) [Sov. Phys. JETP, 74, 1 (1992)]; Intern. J. Mod.
Phys. D 1, 397 (1992).
[24] V. A. Naumov, Phys. Lett. B, 323, 351 (1994).
[25] O. Boyarkin, D. Rein, Z. Phys. C, 67, 607 (1995).
[26] E. M. Lifshitz, L. P. Pitaevsky. Relativistic quantum theory. Moscow. 1971.
[27] A. I. Achiezer, V. B. Berestetsky. Quantum electrodynamics. Moscow. 1971.
[28] In all our calculations, we did not take into account the widths of W,Z-bosons.
[29] J. Gluza, M. Zralek, Phys. Rev. D, 45, 1693 (1992); Phys. Rev. D, 48, 5093 (1993).
[30] L.-F. Li, T.-P. Cheng. Gauge theory of elementary particle physics. Clarendon Press.
Oxford. 1984; K. Aoki et al., Suppl. Prog. Theor. Phys., 73 (1982).
18
TABLES
TABLE I. C-, P-, T-properties of the spin, the electromagnetic field, and their interactions.
C P T
σ + + −
B − + −
E − − +
curlB, E˙ − − −
σ ·B − + +
σ ·E − − −
σ · curlB − − +
σ · E˙ − − +
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FIG. 1. Triangle diagrams responsible for the toroid moment of the Majorana neutrino.
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FIG. 3. Feynman graphs with ℓℓW intermediate states.
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